Spin relaxation and antisymmetric exchange in n-doped III-V
  semiconductor by Gor'kov, L. P. & Krotkov, P. L.
ar
X
iv
:c
on
d-
m
at
/0
20
91
41
v4
  7
 N
ov
 2
00
2
Spin relaxation and antisymmetric exchange in n-doped III-V semiconductors
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Recently K. Kavokin [Phys. Rev. B 64, 075305 (2001)] suggested that the Dzyaloshinskii-Moriya
interaction between localized electrons governs slow spin relaxation in n-doped GaAs in the regime
close to the metal-insulator transition. We derive the correct spin Hamiltonian and apply it to the
determination of spin dephasing time using the method of moments expansion. We argue that the
proposed mechanism is insufficient to explain the observed values of the spin relaxation time.
PACS number(s): 71.70.Gm, 71.70.Ej, 76.30.Da
Observation of exceedingly long spin relaxation times
for electrons optically pumped into the conduction band
of n-doped GaAs [1] prompted suggestions for the use of
polarized spins in quantum computing [2]. No consensus
has been reached, however, on the mechanisms govern-
ing the spin relaxation processes. Low-temperature spin
dephasing time τs in Ref. [1] behaves non-monotonically
as a function of donor concentration nD, reaching values
above 100 ns at nD = 10
16 cm−3. This concentration
still belongs to the nonmetallic regime.
In an interesting paper [3] the author introduced a new
dephasing mechanism acting between the spins of elec-
trons localized on randomly distributed shallow donors.
According to Ref. [3], dephasing would occur each time
the spins of the two electrons on neighboring centers ro-
tate against each other in an effective spin-orbital field
in the process of tunneling between the two centers dur-
ing the spin flip-flop act caused by the exchange inter-
action. This notion and the way it was treated in Ref.
[3] in terms of the exchange narrowing does not seem
to be fully self-consistent. The point is that “random
effective fields” originating in [3] from the antisymmet-
ric Dzyaloshinskii-Moriya (DM) [4, 5] interaction and the
dynamical averaging due to the isotropic exchange in fact
both arise from the interaction of the spins of the very
same pair and hence are not independent.
As a more consistent approach to the problem we tried
its formulation in terms of the EPR line shape for the
spin Hamiltonian which for semiconductors without an
inversion center is a sum of the conventional isotropic
and the antisymmetric DM exchange terms. The latter
is responsible for non-conservation of the total spin of the
system.
The antisymmetric interaction
HˆDM = d(R)(sˆ1 × sˆ2) (1)
in semiconductors lacking the inversion symmetry (III-
V and II-VI compounds) is of interest in itself, but has
not been properly calculated yet. In Ref. [3] the asymp-
totic behavior of d(R) at large distances between centers
R ≫ aB, where aB is the effective Bohr radius, for shal-
low (hydrogen-like) donor centers was calculated in the
Heitler-London approximation. But it has been shown
[9, 10] that the Heitler-London theory does not account
for the Coulomb correlations inside the “tunneling corri-
dor” connecting the two centers which dramatically af-
fects the prefactor of the isotropic exchange.
Below we derive the asymptotic form of d(R) at R≫
aB. We have slightly modified the approach of Ref. [9, 10]
to include the initial spin degeneracy of the problem and
its lifting by interactions in the presence of a weak spin-
orbital interaction
Hˆso = h(pˆ)sˆ. (2)
Our theoretical result for the R-dependence of the an-
tisymmetric exchange d(R) differs significantly from Ref.
[3, 7, 8]. In Ref. [7] the authors concluded that their ex-
perimental results for the spin relaxation time τs together
with the data [1, 6] agree well with the mechanism [3] in
the concentration range nD = 2× 10
15 ÷ 2× 1016 cm−3.
Upon substituting into the same formulae of [3, 7], our
corrected DM term increases the estimate for τs by a fac-
tor of 4. Although this does not rule out completely the
relaxation mechanism [3] because of the phenomenologi-
cal character of the analysis of the experimental data in
[7], the possibility that the antisymmetric exchange alone
accounts for the values of τs observed in [1, 6, 7] in this
doping interval seems rather unlikely.
The essence of the method is as follows. The envelope
of the wavefunction of an electron localized on a donor
impurity in the effective mass theory satisfies Schro¨dinger
equation with the Hamiltonian
Hˆ = p2/2me + Hˆso + e
2/κr, (3)
where me is the effective electron mass, κ is the permit-
tivity. (For GaAs me ≈ 0.072m0 and κ ≈ 12.5).
The spin-orbital Hamiltonian (2) in zinc-blende semi-
conductors has the form [11, 12]
hx(p) =
αso
me
√
2meEg
px(p
2
y − p
2
z). (4)
hy(p) and hz(p) are obtained by permutation in (4).
Here Eg is the band gap and αso is a phenomenologi-
cal parameter. For GaAs Eg ≈ 1.43 eV and αso ≈ 0.07.
2Without the spin-orbital interaction the ground state
had the energy 12E0 = −Ry = −mee
4/2κ2. (E0 ≈ −12.6
meV for GaAs). The corresponding eigenfunction of (3)
were ϕαµ(r) = ϕ0(r)δ
α
µ , where δ
α
µ ≡ δ
α
↑,↓ denotes the
spinors for up and down spin projection,
ϕ0(r) =
1√
pia3B
e−r/aB , (5)
and aB = κ/mee
2 is the Bohr radius (aB ≈ 92 for GaAs).
In the presence of a spin-orbital interaction the spin pro-
jection no longer commutes with (3), but the two-fold
(Kramers) degeneracy of the ground state remains. For
small spin-orbital interaction (4) eigenfunctions of (3) are
ϕαµ(r) ≈ ϕ0(r)(e
ime~h(rˆ)rσ/2a
2
B)αµ, (6)
where rˆ = r/r. The phase factor turns into unity when
r → 0. Thus the Kramers index µ takes on the meaning
of a spin projection of an electron on the center.
The two-electron Hamiltonian is obtained by com-
bining two single-electron Hamiltonians (3) and the
Coulomb interaction of electrons between themselves and
with the alien ions:
Hˆtot =
(
p21 + p
2
2
)
/2me + Hˆso1 + Hˆso2 (7)
+
e2
κ
(
1
r12
+
1
R
−
1
r1A
−
1
r1B
−
1
r2A
−
1
r2B
)
.
Here r1A,B and r2A,B denote the distances between the
electrons and the two donor centers A and B.
For isolated donors, i.e. on large distances R ≫ aB
between two centers a two-electron wavefunction ψαβµν is
merely a product ϕαµ(r1A)ϕ
β
ν (r2B) of two one-electron
wavefunctions (6). For large but finite R these func-
tions have to be corrected to account for potentials of
the Coulomb interactions of electrons between themselves
and with the alien ions (7). Following [9, 10], one starts
with the Schro¨dinger equation for the corrected functions
ψαβµν
Hˆαα
′,ββ′
tot ψ
α′β′
µν = E0ψ
αβ
µν . (8)
Let ζˆ denote the direction from the donor A to the
donor B, positioned at ζ = ∓R/2 respectively. It turns
out [9] that for the calculation of exchange interaction it
is enough to know ψµν on the median hyperplane ζ1 = ζ2
far from the centers. There one may seek for the func-
tions ψµν approximately in the form
ψαβµν (r1, r2) = χ
αα′,ββ′(r1, r2)ϕ
α′
µ (r1A)ϕ
β′
ν (r2B), (9)
where χαα
′,ββ′ varies on the scale of the order of R.
Substituting (9) into (8) yields a differential equation
on χαα
′,ββ′ . The boundary condition is determined from
the condition that when either r1A → 0 or r2B → 0
the function ψαβµν should convert to ϕ
α
µ(r1A)ϕ
β
ν (r2B), i.e.
χαα
′,ββ′ → δαα
′
δββ
′
. The principal terms in spin-orbital
interaction are included into definition (6), and the equa-
tion for χαα
′,ββ′ turns out to coincide with the one in the
absence of the spin-orbit [9](
∂ζ1 − ∂ζ2 −
2
R− 2ζ1
−
2
R+ 2ζ2
+
1
R
+
1
r12
)
χ = 0.
(10)
Here we used that ∂ϕ ∼ ϕ/aB and hence one can neglect
all but the first derivatives of the functions χ which varies
on distances of order R≫ aB.
Therefore χαα
′,ββ′ = χ0δ
αα′δββ
′
, where on the median
5-dimensional hyperplane ζ1 = ζ2 ≡ ζ [9]
χ0 =
2R
R+ 2|ζ|
√
2ρ12
R − 2|ζ|
e
2|ζ|−R
2R . (11)
Here ρ12 = |ρ1 − ρ2|, and ρ1,2 are the transverse radii-
vectors of the electrons.
The two-electron eigenfunction ψαβ(r1, r2) of Hˆtot ad-
justed for the exchange is then sought in the form
ψαβ =
∑
µ,ν
cµνψ
αβ
µν +
∑
µ,ν
c(P )νµ ψ
αβ
νµ , (12)
where cµν and c
(P )
µν are unknown coefficients. ψαβνµ stands
for the interchanged states of the two electrons, when the
first electron is now almost localized on atom B in the
state ν and the second — on atom A in the state µ
ψαβνµ (r1, r2) ≡ ψ
βα
µν (r2, r1). (13)
Because the total fermionic wavefunction should be
antisymmetric in particle permutation ψαβ(r1, r2) =
−ψβα(r2, r1), the coefficients c
(P )
µν = −cµν .
We can now proceed to the derivation of the total ex-
change Hamiltonian. Multiplying the Schro¨dinger equa-
tion Eψ = Hˆψ by ψ∗µν (for brevity we omit spinor struc-
ture), and the Schro¨dinger equation (8) Hˆ∗ψµν
∗ = E0ψ
∗
µν
by ψ, subtracting term by term and integrating over the
region ζ1 < ζ2, we find
(E − E0)cµν =
∫
ζ1<ζ2
(
ψ∗µνHˆψ − ψHˆ
∗ψ∗µν
)
d6r1,2. (14)
The kinetic part of Hˆ can be readily reduced to a sur-
face integral [9, 10]
(E − E0)cµν =
1
2
∫
ζ1=ζ2
(
ψ∂ψ∗µν − ψ
∗
µν∂ψ
)
dS (15)
over the median plane. Here dS = (ζˆ1,−ζˆ2)dζd
4ρ1,2
is its surface element and ∂ = (∂1,∂2) is the six-
dimensional gradient.
We then substitute (12) into (15) neglecting derivatives
of χ0 compared to those of ϕµ:
∂ζ1,2ψµν ≈ ∓ψµν , ∂ζ1,2ψνµ ≈ ±ψνµ. (16)
3After simple calculations Eq. (15) results in
(E − E0)cµν = −2c
(P )
µ′ν′
∫
ζ1=ζ2
ψ∗µνψν′µ′dζd
4ρ1,2 (17)
= J(R)(e−iγσ/2)µν′(e
iγσ/2)νµ′c
(P )
µ′ν′
with the angle
γ = me~h(ζˆ)R/a
2
B. (18)
The exchange integral equals [9, 10]
J(R) = −2
∫
ζ1=ζ2
χ20ϕ
∗
0(r1A)ϕ
∗
0(r2B)ϕ0(r2A)ϕ0(r1B)dζd
4ρ1,2
≈ −0.818× 2Ry (R/aB)
5/2 e−2R/aB . (19)
Using
c(P )µν = −cµν ≡ −
1
2 (σµµ′σνν′ + δµµ′δνν′)cν′µ′ . (20)
we finally arrive at the equation for the coefficients cµν ,
(E − E0)c = Hˆexc, with the Hamiltonian
Hˆex = −
1
2Je
−iγ(σ1−σ2)/2 (σˆ1σˆ2 + 1) (21)
≡ − 12J
[
σˆ1
←→
R (γ)σˆ2 + 1
]
≈ − 12J [σˆ1σˆ2 + 1− γ (σˆ1 × σˆ2)] ,
where the Pauli matrices σˆ1 and σˆ2 are supposed to act
in the space of the Kramers indices, and
←→
R (γ) is the
three-dimensional rotation matrix on the angle γ around
the axis γˆ.
The rotation angle γ (18) gives the strength of the DM
term relative to the isotropic exchange. It is perpendic-
ular to axis ζˆ since h(ζˆ)ζˆ = 0. Taking the square mean
of h(ζˆ) over the directions of ζˆ we find that for GaAs
γ = 〈γ2〉
1/2
ζˆ
=
2αso√
35Eg/Ry
R
aB
≈ 0.00157
R
aB
. (22)
This γ is shown in Fig. 1 against the R-dependence of γ
from Ref. [7, Eq. (7)] for comparison. In the region of
interest (R ∼ 3 ÷ 7aB) our result for γ is about one half
that of Ref. [7, Eq. (7)].
We turn now to the question of how the antisymmetric
exchange would manifest itself as a spin relaxation mech-
anism. It was suggested in Ref. [3, 7] to write down the
corresponding relaxation time τsa in terms of a precession
mechanism [12]:
τsa =
3
2τcγ
−2, (23)
where now, unlike [12], 1/τc is a rate of the flip-flop tran-
sition caused by isotropic exchange. Inconsistency of the
physical picture of Ref. [3] in the use of the dynamical
averaging in Eq. (23) was mentioned above. Another
objectionable point is to write τc in the form [7]
τc ≈ ~/ξJ(Rc), (24)
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FIG. 1: Mean square rotation angles γ of the asymmetric in-
teraction in GaAs as functions of the inter-center separations
as calculated in the present paper (thick line) and according
to the interpolation Eq. (7) in Ref. [7] (thin curve).
where Rc ≈ βn
−1/3
D , ξ and β being the fitting parameters
of the order of unity. The choice for the latter one, β ≈
0.65, interpolates the maxima in the Poisson distribution
for the nearest and next nearest neighbors. Such a form
is assumed in Ref. [7] to phenomenologically account for
large average distances between donors. But since the
maximum in the Poisson distribution is rather broad, it
appears erroneous to merely substitute Rc for R in the
exponential dependence J(R).
At nD ≈ 10
16 cm−3 the distance Rc ≈ 3.3aB, and
from Fig. 1 for the angles γ [7, Eq. (7)] one obtains
γ(Rc) ≈ 0.009, while the corrected value in Eq. (22)
γ ≈ 0.005. The additional factor ≈ 4 in Eq. (23) imme-
diately erodes the claimed quantitative agreement with
experimental data in Ref. [1, 7].
With the applicability of (23) being questioned and the
experimental value of τc being not determined in [7] un-
ambiguously, we try to explore spin relaxation due to DM
terms as a question of the EPR line shape for a dilute sys-
tem of paramagnetic spins interacting via Hamiltonian
(21). This appears a proper approach if all other sources
of inhomogeneous line broadening are neglected and the
limit is taken of the Larmor frequency ωL = gµBB → 0.
In Ref. [13] such a problem dealing with DM inter-
action has already been addressed for Mn-based II-VI-
compound diluted magnetic semiconductors in the frame-
work of high temperature moment expansion of the linear
4response function
χ′′(ω) =
1
2
∫ ∞
−∞
e−iωt〈[Mx(t),Mx(0)]〉dt. (25)
Here square brackets denote quantum commutator of
the magnetization operator M = gµB
∑
n sn (summa-
tion runs over all donors). Angle brackets denote both
thermodynamical average and averaging over disorder.
The spin relaxation time is then given by [13]
τsa =
√
2I4/piI32 , (26)
where the frequency moments of the response function
In =
∫∞
−∞
ωn−1χ′′(ω)dω/piχ(0) obtained in Ref. [13] as
a high-temperature expansion, are
I2 = −Tr([HˆDM,Mx]
2)/Tr(M2x) +O(T
−1), (27)
I4 = Tr([Hˆex, [HˆDM,Mx]]
2)/Tr(M2x) +O(T
−1).(28)
Calculating the commutators we find
I2 = 4nD
∫
J2(r)
[
γ2(rˆ)− γ2x(rˆ)
]
d3r+O(T−1), (29)
I4 ≈ 32nD
∫
J4(r)
[
3γ2(rˆ)− γ2x(rˆ)
]
d3r+O(T−1).(30)
(For an order of magnitude estimate below we neglected
in (30) the terms with double integration under the pre-
text that they are of the “second order” in nD. Averaging
over rˆ we use 〈γi(rˆ)γj(rˆ)〉rˆ =
1
3γ
2δij)
The high-temperature expansion (29), (30), where one
would integrate over all randomly distributed centers, ap-
plies to weakly interacting spins only. Eqs. (29), (30)
need to be corrected to take into account that if two spins
are so close that their exchange interaction J(R) ≫ T ,
they would form a singlet state and drop out of the
system’s thermodynamics. A proper calculation of the
temperature effects in the EPR line due to clusterization
should proceed in the framework of a scaling theory [14].
The problem is difficult and remains unsolved. We take
the effects into account qualitatively introducing a cut-
off in the integrals (29), (30) at short distances aT found
from the condition J(aT ) = T . (At T = 2 K this radius
aT ≈ 3.7aB, at T = 4.2 K aT ≈ 3.1aB).
Calculation of (29), (30) yields the answer in terms of
incomplete gamma functions Γ(n, x):
τsa =
6
pinDa3B0.818Ryγ
2
√
2Γ(13, 8aT/aB)
piΓ3(8, 4aT /aB)
. (31)
For GaAs at nD = 10
16 cm−3 at T = 2K we find τsa ≈
290 ns, and at T = 4.2K we find τsa ≈ 170 ns as compared
to τs ≈ 80 ns found experimentally. (Using expression
(23) with corrected value for γ from Fig. 1 would give
the temperature-independent value of τsa ≈ 330 ns at
nD = 10
16 cm−3)
The method of taking a spin-orbital interaction into ac-
count, developed in the present paper to shallow donor
centers in bulk zinc-blende semiconductors, may be eas-
ily generalized. In a low-dimensional environment, e.g.,
in quantum dots, spin-orbital interaction is described by
a linear dependence on p: hi(p) = hikpi, where hik is a
tensor. The spin structure of an exchange Hamiltonian
(21) acting on the coefficients of expansion (12) again de-
couples from the coordinate dependence J(R). Although
explicit expression for J(R), of course, now depends on
the potential of the quantum dots, the form of the “ro-
tated” exchange Hamiltonian (21) with the rotation an-
gle γk = me~hik ζˆkR/a
2
B instead of (18) remains. For a
specific choice of the linear in p spin-orbital interaction
this result may be obtained by an exact unitary transfor-
mation as has been recently shown in [16].
In the end, we comment on the role of the spin-
orbital interaction of electrons with the electric field of
alien ions. For a homogeneous field it has the form
[15] αEµBgsˆ(pˆ × E)2c/Eg, the coefficient αE ∼ 1 de-
pends on the band structure. This term is proportional
to ∼ αE(Ry
2/Eg)(me/m0), and is much smaller than
the term (4) considered above that is proportional to
∼ αsoRy(Ry/Eg)
1/2.
To summarize, we derived the asymptotically cor-
rect form of the spin Hamiltonian for two hydrogen-like
donors in the n-doped GaAs. We applied the EPR line
shape formalism to analyze spin dephasing times τsa due
to the antisymmetric DM exchange. The rough esti-
mate for τsa (neglecting the detailed low-temperature
spin clusterization which would further increase τsa)
yields values exceeding those observed experimentally.
Although the concentration range n
−1/3
D ∼ aB is very dif-
ficult for theory, our results suggest that the anisotropic
exchange between the localization centers is not a pre-
vailing mechanism of the spin relaxation in this concen-
tration range.
The authors are thankful to V. Korenev and K. Ka-
vokin for discussions and sharing the details of interpre-
tation of their data in [7]. LPG thanks V. Dobrosavljevic,
who attracted his attention to Ref. [14] and gratefully ac-
knowledges fruitful conversations on the subject with V.
Kresin and E. Rashba. The work was supported (LPG)
by the NHMFL through the NSF cooperative agreement
DMR-9527035 and the State of Florida, and (PLK) by
DARPA through the Naval Research Laboratory Grant
No. N00173-00-1-6005.
[1] J.M. Kikkawa and D.D. Awschalom, Phys. Rev. Lett. 80,
4313 (1998).
[2] See, e.g., G.A. Prinz, Science 282, 1660 (1998) on the
problem of quantum computing.
[3] K.V. Kavokin, Phys. Rev. B 64, 075305 (2001).
5[4] I.E. Dzyaloshinskii, Phys. Chem. Solids 4, 241 (1958).
[5] T. Moriya, Phys. Rev. 120, 91 (1960).
[6] R. I. Dzhioev, V. L. Korenev, I. A. Merkulov, B. P. Za-
kharchenya, D. Gammon, Al. L. Efros, and D. S. Katzer,
Phys. Rev. Lett. 88, 256801 (2002).
[7] R.I. Dzhioev, K.V. Kavokin, V.L. Korenev, M.V.
Lazarev, B.Ya. Meltser, M.N. Stepanova, B.P.
Zakharchenya, D. Gammon, D.S. Katzer, cond-
mat/0208083.
[8] Our paper has already been completed when we found
preprint [7]. We added now a few comments regarding
the interpretation of Ref. [7] of the experimental data in
terms of the DM mechanism.
[9] L.P. Gor’kov and L.P. Pitaevskii, Dokl. Acad. Nauk SSSR
151, 822 (1963) [Sov. Phys. Dokl. 8, 788 (1964)].
[10] C. Herring and M. Flicker, Phys. Rev. 134, A362 (1964).
[11] G. Dresselhaus, Phys. Rev. 100, 580 (1955).
[12] M.I. Dyakonov and V.I. Perel, Fiz. Tverd. Tela 13, 3581
(1971) [Sov. Phys. Solid State 13, 3023 (1972)]; Zh. Exp.
Teor. Fiz. 65, 362 (1973) [Sov. Phys. JETP 38, 177
(1974)].
[13] B.E. Larson and H. Ehrenreich, Phys. Rev. B 39, 1747
(1989).
[14] R.N. Bhatt and P.A. Lee, J. Appl. Phys. 52, 1703 (1981);
Phys. Rev. Lett. 48, 344 (1982).
[15] P. Nozie`res and C. Lewiner, J. de Physique 34, 901
(1973).
[16] K. Kavokin, to be published. The authors thank K. Ka-
vokin for sharing his recent results prior to publication.
